Visual field coordinates of pupillary circular axis and optical axis by Atchison, David et al.
This is the author’s version of a work that was submitted/accepted for pub-
lication in the following source:
Atchison, David A., Mathur, Ankit, Suheimat, Marwan, & Charman, W. Neil
(2014)
Visual field coordinates of pupillary circular axis and optical axis.
Optometry and Vision Science, 91(5), pp. 582-587.
This file was downloaded from: http://eprints.qut.edu.au/79429/
c© Copyright 2014 American Academy of Optometry
This is a non-final version of an article published in final form
in Optometry & Vision Science. 91(5):582-587, May 2014. doi:
10.1097/OPX.0000000000000228
Notice: Changes introduced as a result of publishing processes such as
copy-editing and formatting may not be reflected in this document. For a
definitive version of this work, please refer to the published source:
http://doi.org/10.1097/OPX.0000000000000228
1 
 
Visual field co-ordinates of pupillary circular axis and optical axis 1 
 2 
David A. Atchison*, Ankit Mathur**, Marwan Suheimat#, and W. Neil Charman% 3 
Institute of Health & Biomedical Innovation and School of Optometry & Vision Science, 4 
Queensland University of Technology, Kelvin Grove Q 4059,  Australia (DAA, AM, MS), 5 
and Faculty of Life Sciences, University of Manchester, Manchester M13 9PT, United 6 
Kingdom (WNC) 7 
 8 
E-mail address; d.atchison@qut.edu.au 9 
Tel +61-7-3138-6152; fax: +61-7-3138-6030. 10 
*PhD, DSc, FAAO 11 
**PhD, FAAO 12 
#PhD 13 
%DSc 14 
 15 
Corresponding author: 16 
David Atchison 17 
School of Optometry and Institute of Health & Biomedical Innovation, Queensland 18 
University of Technology, 60 Musk Avenue, Kelvin Grove, Q, 4059, Australia 19 
E-mail address; d.atchison@qut.edu.au 20 
Tel +61-7-3138-6152; fax: +61-7-3138-6030 21 
 22 
 23 
 24 
2 
 
Purpose: We term the visual field position from which the pupil appears most nearly circular 25 
as the pupillary circular axis (PCAx). The aim was to determine and compare the horizontal 26 
and vertical co-ordinates of the PCAx and optical axis from pupil shape and refraction 27 
information for only the horizontal meridian of the visual field.  28 
Method: The PCAx was determined from the changes with visual field angle in the ellipticity 29 
and orientation of pupil images out to ±90° from fixation along the horizontal meridian for 30 
the right eyes of 30 people. This axis was compared with the optical axis determined from the 31 
changes in the astigmatic components of the refractions for field angles out to ±35° in the 32 
same meridian. 33 
Results: The mean estimated horizontal and vertical field coordinates of the PCAx were  34 
(‒5.3±1.9°, ‒3.2±1.5°) compared with (‒4.8±5.1°, ‒1.5±3.4°) for the optical axis. The 35 
vertical co-ordinates of the two axes were just significantly different (p =0.03) but there was 36 
no significant correlation between them. Only the horizontal coordinate of the PCAx was 37 
significantly related to the refraction in the group. 38 
Conclusion: On average, the PCAx is displaced from the line-of-sight by about the same 39 
angle as the optical axis but there is more inter-subject variation in the position of the optical 40 
axis. When modelling the optical performance of the eye, it appears reasonable to assume that 41 
the pupil is circular when viewed along the line-of-sight. 42 
  43 
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It is usually assumed that in peripheral vision the eye’s entrance pupil approximates to an 44 
ellipse, with the minor axis oriented along the meridian of the visual field from which it is 45 
observed. Measurements by many authors along the horizontal field meridian suggest that the 46 
value (A) given by dividing  the length of the minor axis of the ellipse by that of the major 47 
axis as a function of the visual field angle 𝜙 varies somewhat more slowly than cos 𝜙. 48 
Moreover, along this meridian the maximum of A is displaced slightly from zero, typically to 49 
a position at a few degrees into the temporal field. This is attributed to a lack of optical 50 
symmetry of the eye about its line-of-sight1. The question arises: does this asymmetry occur 51 
only in the horizontal meridian or does it also occur in the vertical meridian?  We show here 52 
that any vertical displacement can be deduced from measurements made along the horizontal 53 
field meridian. The key point is that, if there is no vertical displacement, the minor axes of the 54 
pupil ellipses will always remain horizontal along the horizontal field meridian and the major 55 
axes vertical, but any vertical asymmetry will result in a slight tilt in the axes of the ellipses.  56 
 57 
To explore this possibility, suitable data are available from a recent study by Mathur et al. 1 in 58 
which pupil shape was determined in thirty eyes as viewed along the horizontal visual field. 59 
Pupil shape at field angle φ was described as A, the pupil diameter in the “horizontal” 60 
meridian divided by that in the “vertical”, where “horizontal” refers to the principal meridian 61 
of the best-fitting ellipse within 45° of the horizontal meridian. Cosine fits were made to the 62 
A values as 63 
𝐴(𝜙) = 𝐷 cos[(𝜙 − 𝛽)/𝐸]         (1) 64 
where 𝐷 is the amplitude of the fit, 𝜙 is the visual field angle (negative/positive for 65 
temporal/nasal visual field), 𝛽 is the peak of the fit relative to the center of the visual field, 66 
and 180𝐸 is half the period of the fit. All angles are in degrees. 67 
 68 
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Two components of pupil ellipticity were determined, B the horizontal-vertical component 69 
and C the oblique component, as  70 
𝐵 = (1 − 𝐴) cos[2(𝜃 − 90)]         (2) 71 
𝐶 = (1 − 𝐴) sin[2(𝜃 − 90)]      (3) 72 
where 𝜃 is the orientation of the major axis of the pupil ellipse relative to the horizontal field 73 
axis, as viewed by an observer for an anticlockwise rotation from the right side of the pupil . 74 
An idealized example of the variation of A, B and C across the field for particular values of 75 
parameters  D, 𝜙, 𝛽  and E is shown in Figure 1 (left), while Figure 1(right) shows an 76 
example of the pupil ellipticity and orientation θ at a particular field angle. Note that if the 77 
minor axis of the ellipse was always horizontal (θ = 90°), we would have B = (1 ‒ A) and C = 78 
0 at all positions along the horizontal meridian. 79 
Place Figure 1 here 80 
 81 
Combining all subjects’ data the study gave the fit to A as 82 
𝐴(𝜙) = 0.992 × cos[(𝜙 + 5.3)/1.121]      (4) 83 
This represents a cosine function with an amplitude close to unity, a peak (−)5.3° into the 84 
temporal visual field, and a width greater by 12% than that predicted by the cosine of the 85 
visual field angle. Combining all subjects’ data, a linear fit to C as  86 
𝐶(𝜙) = +0.00072𝜙 − 0.0120       (5) 87 
was obtained. The authors pointed out that the non-zero, positive slope indicates that there is 88 
a vertical co-ordinate to the visual field position where the pupil appears circular and that this 89 
position �𝜙𝑥0,𝜙𝑦0�  is below the fixation axis (or line-of-sight) which has field co-ordinates 90 
(0, 0), although they did not determine the magnitude of this offset. We term the visual field 91 
position at which the pupil appears most nearly circular as the pupillary circular axis (PCAx) 92 
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to distinguish it from the pupillary axis, which is the axis of alignment of the pupil center 93 
with the corneal center of curvature. 94 
 95 
We now show a procedure for estimating the vertical co-ordinate of the pupillary circular axis 96 
from this type of pupil shape data along the horizontal visual field. We have used a broadly 97 
similar procedure previously to determine the vertical co-ordinate of the optical axis from 98 
refractions along the horizontal visual field2. The present study has clinical relevance as it is 99 
usually assumed that the pupil is close to circular along the line-of-sight and a failure for this 100 
to be the case will affect retinal image quality. 101 
 102 
METHODS 103 
 104 
Pupillary circular axis (PCAx) 105 
Charman and Atchison2 developed equations for determining the visual field positions about 106 
which aberrations were symmetric when aberration data were known for the horizontal and 107 
vertical meridian of the visual field or for only one of these meridians. It was assumed that 108 
this position corresponded to the optical axis.  In the present case, the problem is that the 109 
horizontal and vertical visual field angles �𝜙𝑥,𝜙𝑦� are referenced to the line-of-sight 110 
coordinates (0, 0) rather than to the PCAx at �𝜙𝑥0,𝜙𝑦0� (see Figure 2). To allow for this, the 111 
generalised pupil shape equation should be   112 
𝑃�𝜙𝑥 ,𝜙𝑦� = 𝐷 cos ��(𝜙𝑥−𝜙𝑥0)2+�𝜙𝑦−𝜙𝑦0�2𝐸 �      (6) 113 
where 𝑃�𝜙𝑥,𝜙𝑦� is the two-dimensional equivalent of equation (1), for visual field position 114 
�𝜙𝑥,𝜙𝑦�. A regular, or horizontal-vertical, component to the pupil ellipticity is given by 115 
𝑅�𝜙𝑥,𝜙𝑦� = �1 − 𝑃�𝜙𝑥,𝜙𝑦�� cos[2(𝜃 − 90)]     (7) 116 
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and an oblique component to the pupil ellipticity is given by 117 
𝑂�𝜙𝑥,𝜙𝑦� = �1 − 𝑃�𝜙𝑥 ,𝜙𝑦�� sin[2(𝜃 − 90)]     (8) 118 
Equations (7) and (8) are the two-dimensional equivalents to equations (2) and (3). 119 
 120 
Using Figure 2, we can derive expressions for cos[2(𝜃 − 90)] and sin[2(𝜃 − 90)] in terms 121 
of visual field positions, for use in equations 7 and 8, respectively. It can be seen that, for any 122 
visual field point �𝜙𝑥,𝜙𝑦� , 123 
𝜃 = 90 + 𝛾          (9) 124 
where 125 
𝛾 = 𝑡𝑡𝑡−1(𝜙𝑦−𝜙𝑦0
𝜙𝑥−𝜙𝑥0
)         (10) 126 
so that the following equations hold: 127 
cos[2(𝜃 − 90)] = cos(2𝛾) = 𝑐𝑐𝑐2𝛾 − 𝑐𝑠𝑡2𝛾 = (𝜙𝑥−𝜙𝑥0)2−�𝜙𝑦−𝜙𝑦0�2(𝜙𝑥−𝜙𝑥0)2+�𝜙𝑦−𝜙𝑦0�2   (11) 128 sin[2(𝜃 − 90)] = sin(2𝛾) =  2𝑐𝑠𝑡𝛾𝑐𝑐𝑐𝛾 = 2 (𝜙𝑥−𝜙𝑥0)�𝜙𝑦−𝜙𝑦0�(𝜙𝑥−𝜙𝑥0)2+�𝜙𝑦−𝜙𝑦0�2   (12) 129 
Place Figure 2 here 130 
 131 
 132 
Replacing the right hand expressions of equations (11) and (12) for the left hand expressions 133 
in equations (7) and (8) gives 134 
𝑅�𝜙𝑥,𝜙𝑦� = �1 − 𝑃�𝜙𝑥,𝜙𝑦�� (𝜙𝑥−𝜙𝑥0)2−�𝜙𝑦−𝜙𝑦0�2(𝜙𝑥−𝜙𝑥0)2+�𝜙𝑦−𝜙𝑦0�2     (13) 135 
𝑂�𝜙𝑥,𝜙𝑦� = 2�1 − 𝑃�𝜙𝑥,𝜙𝑦�� (𝜙𝑥−𝜙𝑥0)�𝜙𝑦−𝜙𝑦0�(𝜙𝑥−𝜙𝑥0)2+�𝜙𝑦−𝜙𝑦0�2    (14) 136 
 137 
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Substituting the right hand side of equation (6) for 𝑃�𝜙𝑥,𝜙𝑦� in equations (13) and (14), we 138 
have 139 
𝑅�𝜙𝑥,𝜙𝑦� = �1 − 𝐷 cos ��(𝜙𝑥−𝜙𝑥0)2+�𝜙𝑦−𝜙𝑦0�2𝐸 �� (𝜙𝑥−𝜙𝑥0)2−�𝜙𝑦−𝜙𝑦0�2(𝜙𝑥−𝜙𝑥0)2+�𝜙𝑦−𝜙𝑦0�2  (15) 140 
𝑂�𝜙𝑥,𝜙𝑦� = 2�1 − 𝐷 cos ��(𝜙𝑥−𝜙𝑥0)2+�𝜙𝑦−𝜙𝑦0�2𝐸 �� (𝜙𝑥−𝜙𝑥0)�𝜙𝑦−𝜙𝑦0�(𝜙𝑥−𝜙𝑥0)2+�𝜙𝑦−𝜙𝑦0�2  (16) 141 
 142 
Our approach to the evaluation of the various constants, and 𝜙𝑥0 and 𝜙𝑦0, when only 143 
horizontal meridian data (𝜙𝑦 = 0) are available is as follows. We use eq. (6) to estimate 𝐷, 𝐸, 144 
𝜙𝑥0, and 𝜙𝑦0. We do not expect the estimate of 𝜙𝑦0 R to be accurate as its sign does not affect 145 
the fit. These parameters are then used with  146 
𝑂′(𝜙𝑥, 0) = 𝑂(𝜙𝑥, 0) + 𝑓        (17) 147 
to obtain a new estimate of 𝜙𝑦0 and a constant 𝑓. In this determination, substituting zero for 148 
𝜙𝑦in equation (16) gives  149 
𝑂(𝜙𝑥, 0) = −2�1 − 𝐷 cos ��(𝜙𝑥−𝜙𝑥0)2+�𝜙𝑦−𝜙𝑦0�2𝐸 �� (𝜙𝑥−𝜙𝑥0)𝜙𝑦0(𝜙𝑥−𝜙𝑥0)2+𝜙𝑦02    (16a) 150 
The fit is obtained using the Solver add-in in Microsoft Excel, where 𝑂(𝜙𝑥, 0) is given by eq. 151 
(16a), to obtain a new estimate of 𝜙𝑦0 and a constant 𝑓. A column of theoretically predicted 152 
values is created by setting the initial values of the variables in our fitting formula using 153 
values previously obtained for D, 𝐸, and β (for 𝜙𝑥0) using equation (1)1.  The difference 154 
between the predicted and real value is squared and summed over all data points. The Solver 155 
is then set to manipulate the values of the formula variables to achieve the absolute minimum 156 
of the sum of squares, thus plotting the best fit to those points. The R2 value is calculated as 157 
the square of the Pearson correlation coefficient of predicted and real data. 158 
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 159 
 160 
An approximate method for determining the PCAx 161 
 162 
We present an approximate method to estimate the PCAx which is simpler than the above 163 
method, requiring only parabolic and linear fits. This method gives good estimates (see 164 
Results). It gives an estimate also for E, but this is not reliable. 165 
 166 
We use the small-angle approximation  167 
cos 𝜙 = 1 – 𝜙 2/2! 168 
where 𝜙 is in radians. This expression is less than 1% in error up to about  𝜙 = 40° and < 169 
10% in error up to about 60°, Along the horizontal meridian,  the right hand side of equation 170 
(6) for 𝑃�𝜙𝑥,𝜙𝑦�, with 𝜙𝑦= 0, can be replaced by  171 
𝐷 �1 − (𝜙𝑥−𝜙𝑥0)2+𝜙𝑦02
2𝐸2
� 172 
to give 173 
𝑃(𝜙𝑥, 0) = 2𝐷𝐸2 − 𝐷(𝜙𝑥 − 𝜙𝑥0)2 − 𝐷𝜙𝑦022𝐸2  
= 2𝐷𝐸2 − 𝐷𝜙𝑥2 + 2𝐷𝜙𝑥0𝜙𝑥 − 𝐷𝜙𝑥02 + 𝐷𝜙𝑦𝑦22𝐸2  
= − 𝐷2𝐸2 𝜙𝑥2 + 𝐷𝜙𝑥0𝐸2 𝜙𝑥 + 𝐷�2𝐸2 − 𝜙𝑥𝑦2 + 𝜙𝑦𝑦2 �2𝐸2  
We can write this in the form of a quadratic equation in 𝜙𝑥, that is, 174 
𝑦 = 𝑡𝜙𝑥2 + 𝑏𝜙𝑥 + 𝑐  175 
Assuming D ≈ 1 , we get: 176 
𝑡 = − 1
2𝐸2
  177 
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𝑏 = 𝜙𝑥𝑦
𝐸2
 
⇒ 𝜙𝑥0 = 𝑏𝐸2 = − 𝑏2𝑎          (18) 178 
 179 
Using the same cosine approximation, the right hand side of equation (17), with 𝜙𝑦= 0, can 180 
be replaced by 181 
𝑓 − 2 �1 − 𝐷 �1 − (𝜙𝑥−𝜙𝑥𝑥)2+𝜙𝑦𝑥2
2𝐸2
��
(𝜙𝑥−𝜙𝑥0)𝜙𝑦0(𝜙𝑥−𝜙𝑥0)2+𝜙𝑦02   182 
to give 183 
𝑂′�𝜙𝑥,𝜙𝑦� = 𝑓 − 2(𝜙𝑥−𝜙𝑥0)𝜙𝑦0(𝜙𝑥−𝜙𝑥0)2+𝜙𝑦02 + 2𝐷 �1 − (𝜙𝑥−𝜙𝑥𝑥)2+𝜙𝑦𝑥22𝐸2 � (𝜙𝑥−𝜙𝑥0)𝜙𝑦0(𝜙𝑥−𝜙𝑥0)2+𝜙𝑦02   184 = 𝑓 − 2(𝜙𝑥−𝜙𝑥0)𝜙𝑦0(𝜙𝑥−𝜙𝑥0)2+𝜙𝑦02 + 2𝐷 (𝜙𝑥−𝜙𝑥0)𝜙𝑦0(𝜙𝑥−𝜙𝑥0)2+𝜙𝑦02 − 𝐷 (𝜙𝑥−𝜙𝑥0)𝜙𝑦0𝐸2   185 
Assuming 𝐷 ≈ 1 we get: 186 
𝑂′�𝜙𝑥,𝜙𝑦� = − (𝜙𝑥−𝜙𝑥0)𝜙𝑦0𝐸2 + 𝑓  187 = −𝜙𝑦0
𝐸2
𝜙𝑥 + �𝜙𝑥0𝜙𝑦0𝐸2 + 𝑓�  188 
If a linear equation of the form  189 
𝑦 = 𝑚𝜙𝑥 + 𝑡 
is equated to this expression, then  190 
𝑚 = −𝜙𝑦0
𝐸2
 
⟹ 𝜙𝑦0 = −𝑚𝐸2    191 
Substituting 2a for –1/E2 from eq. (18) in the right hand side of eq (19) gives 192 
𝜙𝑦0 = 𝑚2𝑎           (19) 193 
 194 
  195 
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Locating the optical axis 196 
 197 
Since we have refractive data as a function of horizontal visual field angle, as well as pupil 198 
data, we can also use Charman and Atchison’s approach2 to determining an estimate of the 199 
optical axis �𝜙′𝑥0,𝜙′𝑦0� from astigmatism data along the horizontal meridian. This was 200 
based on their equations  201 
𝐽180 = −�𝑘62 � �(𝜙′𝑥 − 𝜙′𝑥0)2 − 𝜙′𝑦02 �      (20) 202 
𝐽45 = 𝑘6𝜙′𝑦0(𝜙′𝑥 − 𝜙′𝑥0)        (21) 203 
in which k6 is a constant and the astigmatism is assumed to increase quadratically with radial 204 
distance away from the optical axis, 𝐽180 and 𝐽45 are the regular and oblique components of 205 
astigmatism, and here �𝜙′𝑥0,𝜙′𝑦0�R represents the location of the optical axis, with the prime 206 
symbol used to distinguish it from that of the PCAx �𝜙𝑥0,𝜙𝑦0�.  207 
 208 
In Charman and Atchison’s approach2 , the visual field meridian was obtained by the 209 
conventional ophthalmic optics method of an anticlockwise rotation of the horizontal 210 
meridian from the right side of the observer looking at an eye. For a subject’s right eye this 211 
corresponds to the temporal visual field. In our work on peripheral refraction, we have 212 
considered mainly right eyes and have considered positive horizontal visual field angles to 213 
correspond to the nasal, rather than the temporal, visual field. This does not affect equation 214 
(20), where the angular terms are squared, but requires a change in sign of equation (21) so 215 
that it becomes  216 
𝐽45 = −𝑘6𝜙′𝑦0(𝜙′𝑥 − 𝜙′𝑥0)        (21a) 217 
 218 
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Our approach is to use eq. (20) to estimate 𝑘6, 𝜙𝑥0, and 𝜙𝑦0 from the fit to 𝐽180 data along the 219 
horizontal meridian, and then to substitute 𝑘6 into equation (21a) to obtain a better estimate 220 
of 𝜙𝑦0 from the slope of the fit to the 𝐽45 data along the horizontal meridian. 221 
 222 
Data 223 
 224 
The data available for analysis are from the right eyes of 30 people for whom peripheral 225 
refractions were measured out to ±60°3 and pupils were imaged out to ±90° from fixation 226 
along the horizontal visual field meridian1. The group consisted of six low hyperopes 227 
(spherical equivalent +1.2 D ± 0.6 D, mean age 26 ± 5 years), 13 emmetropes (+0.0 D ± 0.3 228 
D, 23 ± 6 years), and 11 myopes (–2.9 ± 1.5 D, 27 ± 12 years). On-axis cylinders were less 229 
than │0.75 D│. For pupil shape, A and C were determined, and fits to these were made as 230 
described above. For astigmatism, fits to 𝐽180 and 𝐽45 were made over the central ±35° field. 231 
 232 
RESULTS 233 
 234 
Figure 3 shows one participant’s pupil shape data for A and C, together with the fits. The 235 
PCAx is (−8.5°, −6.6°).  236 
 237 
Place Figure 3 here 238 
 239 
The distribution of individual values for the positions of the PCAx and the optical axis is 240 
shown in Figure 4. The two values for each subject are linked with an arrow. It can be seen 241 
that the estimates of both axes tend to be decentred slightly temporally and downwards with 242 
respect to the line-of-sight but that the optical axes are more widely scattered.  243 
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Place Figure 4 here 244 
 245 
The mean and standard deviation of the PCAx for the group is (−5.3 ± 1.9°,−3.2 ± 1.5°), 246 
with the horizontal co-ordinate having been reported previously1. The approximate method 247 
gives mean and standard deviation of the PCAx of (−5.1±1.9°, −3.5±1.6°). The mean 248 
difference and standard deviation between the approximated and unapproximated co-249 
ordinates are (+0.21±0.18°, −0.31±0.39°). While differences are small relative to the mean 250 
values, they are significant (p < 0.001). 251 
 252 
The optical axis determined from the astigmatism data is (−4.8 ± 5.1°,−1.5 ± 3.4°), with the 253 
horizontal co-ordinate having been reported previously1. 254 
 255 
The mean horizontal co-ordinates of the PCAx and optical axes are similar. The mean 256 
vertical co-ordinate of the PCAx is about twice that of the optical axis, although this result is 257 
of marginal significance (p = 0.03). Variability in the optical axis is much higher than 258 
variability in the PCAx and it does not appear that the angular differences in the two field 259 
positions are systematically oriented in any particular direction (Figure 4). The linear 260 
correlations between the two axes are significant for the horizontal co-ordinate (p =0.005) but 261 
not for the vertical co-ordinate (p = 0.15). 262 
 263 
As previously reported1 the horizontal field co-ordinate of the PCAx varies with mean 264 
refraction at a rate of −0.6°/diopter (p = 0.002), but the correlation for the vertical co-ordinate 265 
is not significant (p = 0.17). The horizontal co-ordinate of the optical axis shows a significant 266 
trend with refraction (p = 0.04), as has been reported for a larger group.4 However, the 267 
vertical co-ordinates of the optical axis does not show a significant trend (p = 0.41). 268 
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 269 
DISCUSSION 270 
 271 
We have derived equations to estimate the vertical co-ordinate of the pupillary circular axis 272 
(PCAx), relative to the fixation axis, when pupil shape information is available for only the 273 
horizontal meridian of the visual field. We made comparisons of the pupillary circular axis 274 
with the optical axis derived from astigmatism data in a group of 30 people.1,3 Although the 275 
horizontal co-ordinates were similar, the vertical co-ordinate of the PCAx was −3.2 ± 1.5°, 276 
about twice that for the optical axis, with no significant correlation between the two. The 277 
vertical co-ordinate of the optical axis was not significantly related to the refraction in the 278 
group. 279 
 280 
In the analysis we have nominally assumed that, if viewed from the appropriate direction, the 281 
pupil appears circular. Is this true?  We find that the PCAx has a negative vertical co-ordinate 282 
as well as a negative horizontal co-ordinate. This implies that, along the horizontal meridian 283 
at a field angle equal to the horizontal co-ordinate of the PCAx, the pupil is observed from 284 
above the PCAx and so should appear slightly flattened vertically, i.e. the ratio of the 285 
horizontal to vertical diameters ought to exceed unity. In fact, for the eyes examined, at this 286 
position of field the ratio had the mean value 0.992.  This suggests that the mean pupil was 287 
slightly elongated in the vertical direction rather than being truly circular. Earlier studies 288 
suggest that pupil geometry varies with a variety of factors. Viewed along the line-of-sight, 289 
there is variation between the pupil shapes of individuals, with a minority showing a greater 290 
horizontal diameter5, including 11 out of 30 people based on the fits provided by equation 291 
(1). In some eyes, the ellipse major axis may be vertical in darkness and horizontal in the 292 
light. 6 Non-circularity tends to increase with age6, and mydratic drugs may also affect the 293 
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shape.7 Corneal astigmatism will introduce meridional differences in the magnification 294 
between the iris and entrance pupil. Moreover, the center of the pupil varies with its diameter, 295 
moving temporalward with dilation up to a few tenths of a mm8-14. It seems reasonable, 296 
therefore, to continue to use the working approximation that when viewed from the 297 
appropriate direction, close to that of the optical axis, the pupil is circular. Furthermore, the 298 
line-of-sight is sufficiently close to this location in most cases that departures from circularity 299 
along the line-of-sight can be disregarded. Wyatt pointed out that, on the line-of-sight, 300 
changing the ellipticity within the range observed in practice has little impact on the ocular 301 
modulation transfer function6.  Changes in pupil centration probably have a greater effect8.   302 
 303 
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FIGURE CAPTIONS 338 
 339 
Figure 1. (Left) Idealized pupil diameter ratio A, horizontal/vertical component of pupil 340 
ellipticity B, and oblique component of pupil ellipticity C in one case. The fit for equation (1) 341 
is 𝐴(𝜙) = 0.987 cos[(𝜙 + 10°)/1.10].  (Right) At (+)70° in the nasal visual field, the major 342 
axis of the pupil ellipse is at 97.1° to the horizontal meridian. 343 
 344 
Figure 2. Generalised case where the visual field position �𝜙𝑥,𝜙𝑦� is referenced to the 345 
pupillary circular axis (𝜙𝑥0,𝜙𝑦0), rather than to the line-of-sight (0, 0). See text for 346 
derivation of expressions for cos[2(𝜃 − 90)] and sin[2(𝜃 − 90)] at �𝜙𝑥,𝜙𝑦�.  347 
 348 
Figure 3. The pupil diameter ratio A and oblique component of pupil ellipticity C for one 349 
person, together with the respective fits. Equation (6) has been used to fit A (continuous line) 350 
and gives 𝑃�𝜙𝑥,𝜙𝑦� = 0.989 cos ��(𝜙𝑥+8.5)2+021.130  �,𝑅2 = 0.997 with the horizontal pupil off-351 
set being −8.5°. Equation (17) has been used to fit C (dotted line) and gives 𝑂′�𝜙𝑥,𝜙𝑦� =352 
−0.0348 − 2 �1 − 0.989 × 𝑐𝑐𝑐 ��(𝜙𝑥+8.5)2+6.62
1.130 �� (𝜙𝑥+8.5)×(−6.6)(𝜙𝑥+8.5)2+6.62 ,𝑅2 = 0.91 with the vertical 353 
pupil offset being −6.6°. 354 
 355 
Figure 4. Estimated positions of the pupillary circular axes (filled circles) and optical axes 356 
(open circles) and for individual subjects. The two positions are linked by a line for each 357 
person. 358 
 359 
 360 
 361 
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